Curie depth offers a valuable constraint on the thermal structure of the lithosphere, based on its interpretation as 1 the depth to 580 • C, but current methods underestimate the range of uncertainty. We formulate the estimation of Curie depth 2 within a Bayesian framework to quantify its uncertainty across the British Isles. Uncertainty increases exponentially with Curie 3 depth but this can be moderated by increasing the size of the spatial window taken from the magnetic anomaly. The choice 4 of window size needed to resolve the magnetic thickness is often ambiguous, but based on our chosen spectral method, we 5 determine that significant gains in precision can be obtained with windows sizes 15-30 times larger than the deepest magnetic 6 source. Our Curie depth map of the British Isles includes a combination of window sizes: smaller windows are used where the 7 magnetic base is shallow to resolve small-scale features, and larger window sizes are used where the magnetic base is deep in 8 order to improve precision. On average, the Curie depth increases from Laurentian crust (22.2 ± 5.3 km) to Avalonian crust 9 (31.2±9.2 km). The temperature distribution in the crust, and associated uncertainty, was simulated from the ensemble of Curie 10 depth realisations assigned to a lower thermal boundary condition of a crustal model (sedimentary thickness, Moho depth, heat 11 production, thermal conductivity), constructed from various geophysical and geochemical data sets. The uncertainty of the 12 simulated heat flow field substantially increases from ± 10 mW m −2 for shallow Curie depths ∼ 15 km to ± 80 mW m −2 13 for Curie depths > 40 km. Surface heat flow observations are concordant with the simulated heat flow field except in regions 14 that contain igneous bodies. Heat flow data within large batholiths in the British Isles exceed the simulated heat flow by 15 ∼ 25 mW m −2 as a result of their high rates of heat production (4-6 µW m −3 ). Conversely, heat refraction around thermally 16 resistive mafic volcanics and thick sedimentary layers induce a negative heat flow misfit of a similar magnitude. A northward 17 thinning of the lithosphere is supported by shallower Curie depths on the northern side of the Iapetus Suture, which separates 18 Laurentian and Avalonian terranes. Cenozoic volcanism in Northern Britain and Ireland has previously been attributed to a 19 lateral branch of the proto-Icelandic mantle plume. Our results show that high surface heat flow (> 90 mW m −2 ) and shallow 20 Curie depth (∼ 15 km) occur within the same region, which supports the hypothesis that lithospheric thinning occurred due to 21 the influence of a mantle plume. That the uncertainty is only ± 3-8 km in this region, demonstrates that Curie depths are more 22 reliable in hotter regions of the crust where the magnetic base is shallow.
We apply probabilistic techniques to quantify the uncertainty of Curie depth (interpreted as the 580 • C isotherm) estimated 2 from magnetic anomaly and the associated surface heat flow. In particular, we cast spectral methods to compute Curie depth 3 within a Bayesian framework and outline a efficient procedure to map Curie depth minimising its uncertainty. The Curie depth 4 is then used as the lower boundary condition of a 3D Cartesian mesh, over which we solve the steady-state heat equation, for a 5 given set of thermal parameters, in order to estimate the surface heat flow and its uncertainty. 6 2.1 Spectral methods to compute Curie depth 7 Most methods to estimate Curie depth relate the spectrum of magnetic anomalies and the depth of magnetic sources by trans- 8 forming the data into the Fourier domain, which is computed over a square window of the magnetic anomaly. Depth to the 9 bottom of magnetic sources is estimated from the slope of the radial power spectrum, Φ(k),
where k is the wave number in Cartesian space, k = |k| is its norm, and β is the fractal parameter of magnetisation. Originally, 11 Tanaka et al. (1999) analysed the slope of the radial power spectrum at high and low wave numbers to estimate the top and 12 bottom of magnetic sources, respectively. Their method has been applied to many regions worldwide with small modifications the wave number segments over which to calculate the depth of magnetic sources varies in different studies, but is usually 15 < 0.05 km −1 (Wang and Li, 2018) . However, trimming Φ to a specific range makes uncertainties difficult to quantify. 16 Alternatively 
where the shape of the power spectrum is controlled by four variables: β -a fractal parameter, z t -the top of magnetic 19 sources, ∆z -the thickness of the magnetic layer, and C -a field constant. The Curie depth is found by summation of z t and 20 ∆z. Some combination of these parameters should produce a curve that fits the radial power spectrum computed from a fast- 21 Fourier Transform (FFT) of the magnetic anomaly. Li Here we consider the analytic expression from Equation 2 to compute the power spectra from the magnetic anomaly and cast 2 it within a Bayesian framework, where information on input parameters are represented in probabilistic terms. The inverse 3 solution is given by the a posteriori probability function, P (m|d), which is proportional to the product of the likelihood 4 function P (d|m) and the a priori probability P (m),
The likelihood function is the probability of reproducing the data d given a particular model m, and the a priori probability 6 is prior knowledge about the model before assimilating the data. In this case, the model parameters correspond to the four 7 unknowns in Equation 2 and the data is the radial power spectrum computed from the magnetic anomaly, Φ d , thus P (m|d) = 8 P (β, z t , ∆z, C|Φ d ). The posterior probability can be evaluated through an objective function, S(m), which compares the misfit 9 between data and prior information, m p ,
where A is a constant. The maximum a posteriori (MAP) estimate is obtained by minimising the p -norm objective function if 11 data and prior information are both uncorrelated,
where g is the forward operator, which is the prediction of observations from the model, m. This is simply the calculation of Φ the posterior using a "random walk" (the algorithm is detailed in Appendix A). 16 
Resolution of model parameters: synthetic tests 17
The Bayesian framework we have described produces an ensemble of models that sample the posterior density function. Here
18
we design a synthetic sensitivity test to explore the inversion parameters. As the inversion operates in the spectral domain 19 a crucial parameter is the size of the spatial window used to transform the spatially distributed magnetic data to the Fourier 20 domain. A synthetic magnetic anomaly was generated from random fractal noise in three dimensions with known model In addition to window size, retrieval of accurate Curie depth values is also complicated by a strong correlation between β 5 and ∆z, which both control the slope of the radial power spectrum at low wave numbers ( Figure 3b ). The variation in these 6 parameters may be reduced with a priori information related to β or z t , however, in most circumstances these parameters 7 are completely unknown. Most studies fix β to a constant value across the entire study area, but implicit in this decision is 8 to assume that the magnetic composition of the rocks is consistent over long wavelengths. Through casting β as an inversion 9 variable, we retrieve a comparitively higher degree of uncertainty because our method propagates all of the errors associated 10 with each parameter within a Bayesian framework. If this parameter is not taken into account then it is likely that all other 11 parameters (z t , ∆z, and C) will be biased. 
where λ 0 is the thermal conductivity at the surface. Surface heat flow, q s , is calculated from the product of thermal conductivity 6 and temperature gradient in the topmost part of the model once the temperature solution has converged after several iterations 7 (|T n − T n−1 |< 10 −12 ). 8 3 Results
9
Maps of Curie depth in the study region were taken from the magnetic anomaly of the British Isles that was extracted from the 10 EMAG2 global compilation ( Figure 4 ). While its resolution of 2-arc-minutes (approximately 4 km) is low compared to some 11 regional surveys, the global extent permits Curie depth estimates over very large window sizes. It is important to note that the 12 effective resolution of this global compilation is inherited from multiple regional grids and satellite data that are spliced together 13 to form the EMAG2 dataset. Geographical coordinates were transformed to a local Cartesian projection prior to applying the 14 Fourier transform for the radial power spectrum to be in units of radians per kilometre. We repeated the Markov Chain Monte 1 Carlo (MCMC) simulation for 200 to 800 km windows of the magnetic anomaly at 25 km increments. The centroid spacing 2 was set to 20 × 20 km eastings and northings, respectively. The posterior distribution is best fit by a skewed normal probability 3 distribution function where the MAP estimate is the mode of the distribution and the uncertainty is its standard deviation.
4
The implemented map generation algorithm starts at the MAP estimate for the largest window size (800 km) at every point 5 in the model domain and iteratively reduces at 25 km increments until the standard deviation of the posterior exceeds that of 6 the maximum window size. All other Curie depth estimates using smaller or larger window sizes for a given point are rejected. 7 As a consequence, the inverted Curie depth map contains a combination of window sizes: smaller windows are used where the 8 magnetic base is shallow to resolve small-scale features, and larger windows are used where the magnetic base is deep in order 9 to improve precision ( Figure 5a ). While Curie depth was estimated at 200 km, no regions were used from this window size due 10 to the high uncertainty. depending on rock types of geologic structure. That we observe a regional variation in β across England suggests heterogeneity 32 at the the regional scale, which can only be observed because we cast β as an inversion variable. We established that β and ∆z 33 are strongly negatively correlated (Section 2.3), thus were we to fix β across the British Isles, our Curie depth estimates would 1 be biased. 2 For the most part, the Curie depth we determine is concordant with previous studies. The global reference model of Li substantially reduced to within 25-35 km depth. 9 We find that quantifying Curie depth within a Bayesian framework adds significant insight into the thermal structure of the 10 crust. The ensemble of model simulations reveal that uncertainty correlates with Curie depth (Figure 6b ). For Curie depths 11 ∼ 15 km this equates to ± 4 km uncertainty, but deeper Curie depths have a significantly higher uncertainty. This is controlled of skew increases at a much higher rate for smaller window sizes at Curie depths > 40 km. Only the 800 km window size 20 exhibits minor skew for magnetic sources deeper than 40 km. Higher uncertainty in the southern North Sea is compounded by 21 the lack of magnetic data and thus very large window sizes in order to capture any sensitivity to the magnetic thickness. These Window size (km) 5.8 6.0 6.2 6.4 6.6 6.8 relatively depleted lower layer H r (of thickness h r ). The total heat production of the crust is the sum of these two layers,
where h c is crustal thickness. The differentiation index describes the degree of partitioning in the crust,
where higher D I indicates that a heat flow province has undergone more significant crustal reworking of heat-producing production are defined separately for the crust in the Laurentian and Avalonian terranes ( Table 1) . We split the total thickness Therefore, the thickness of the upper (enriched) layer is,
where H s , H r , and H c are the rates of heat production for the upper, lower layer and entire crust, respectively. The thermal 5 properties assigned to each layer in our model are summarised in Table 1 . The simulated heat flow matches heat flow data to a reasonable degree of uncertainty, except where igneous bodies outcrop. 1 Granitic intrusions can contribute significantly to surface heat flow due their high rates of heat production, and heat refracts 2 around mafic volcanics because of their low thermal conductivity. These results lend further support to lithospheric thinning in 3 North Britain and Ireland due to the presence of the proto-Icelandic mantle plume.
Code and data availability. All data presented in this article may be obtained in the supporting information from the online version, and may The commonly used Metropolis-Hastings algorithm samples the posterior distribution, P (m|d), using a random walk where 9 k = 1, 2, . . . , n for a Markov Chain n samples long. The random walk is initialised at a random point in the prior distribution 10 and progresses in accordance to the following algorithm: 11 1. Generate a proposal m for the next sample by picking from the prior distribution P (m). 
